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ABSTRACT
Observations of the evolution of the galaxy cluster X-ray luminosity function suggest
that the entropy of the intra-cluster medium plays a significant role in determining
the development of cluster X-ray properties. I present a theoretical framework in
which the evolution of the entropy of the central intra-cluster gas is explicitly taken
into account. The aim of this work is to develop a theoretical context within which
steadily improving measurements of the X-ray luminosities and temperatures of distant
galaxy clusters can be interpreted. I discuss the possible range of entropy evolution
parameters and relate these to the physical processes heating and cooling the intra-
cluster medium. The practical application of this work is demonstrated by combining
currently available evolutionary constraints on the X-ray luminosity function and the
luminosity–temperature correlation to determine the best-fitting model parameters.
1 INTRODUCTION
A precise determination of the evolution of X-ray properties
of clusters of galaxies will shortly be available. In particular,
the X-ray luminosity function (XLF) and the luminosity–
temperature (L-T) correlation are open to accurate mea-
surement through, in the first case, serendipitous imaging
surveys and, in the second, targeted spectral observations
of known X-ray clusters. The aim of this paper is to de-
velop a theoretical framework within which these data may
be placed.
The first predictions for the evolution of cluster X-ray
properties (eg., Kaiser, 1986) were based on the assumption
of self-similar evolution of both the cluster gravitational po-
tential and the intra-cluster medium (ICM). Relatively few
conditions need to be met in order for the evolution of the
dark-matter component to satisfy this type of evolution. As
such, these models are more generally applicable than those
that attempt to determine the distribution of cluster masses
explicitly (eg., Press & Schechter, 1978). However, whereas
the Press-Schechter scheme can be used to predict the dis-
tribution — and even conditional distributions — of cluster
properties, the self-similar model provides only a scaling of
cluster properties between epochs.
For realistic primordial density fluctuation spectra, ap-
plication of the self-similar assumption to both cluster com-
ponents predicts that the XLF evolution is strongly posi-
tive (ie., an increasing number of X-ray luminous clusters
with increasing redshift or look-back time). This has, how-
ever, proved contradictory to the observational evidence:
the present debate centres on whether the X-ray luminos-
ity function is non-evolving or whether it falls with redshift
(eg., Edge et al., 1990, Henry et al., 1992, Rosati et al., 1995,
Castander et al., 1995, Nichol et al., 1996).
In order to solve this problem, Kaiser (1991) and Evrard
& Henry (1991, EH) proposed that the ICM was initially hot
even before falling into the cluster. The early heating of the
gas gives it an initial entropy. Shock heating during cluster
collapse may increase the present-epoch entropy above this
value, but cannot decrease it. A fall in the entropy can only
be achieved by radiative cooling of the gas — this occurs by
recombination or Bremsstrahlung radiation, or through in-
verse Compton scattering of microwave background photons
(cf., Padmanabhan, 1995). If the initial heat input occurs at
low enough redshift, these processes are inefficient outside
virialised regions, and the gas retains a memory of its initial
entropy as it clumps together to form larger and larger mass
units. Thus the ICM is imprinted with a minimum entropy
and hence a maximum density to which the core gas can be
compressed without greatly increasing the central tempera-
ture and pressure. The papers referenced above showed that
the evolution of the XLF was modified in the desired sense.
However, this particular physical scenario creates only a sin-
gle model. With steadily improving observations of distant
clusters, it is becoming possible to test between a whole fam-
ily of models that span these extremes, and even go beyond.
EH suggest the general form Lx ∝ (1 + z)
sMp, but only
briefly explore the physical significance of their parameters
s and p.
In this paper, I present a more flexible scheme for in-
cluding the effects of entropy. The new approach has the
advantage that the evolutionary parameters may be directly
interpreted in terms of the physical processes heating, pre-
heating and cooling the ICM. Focusing the discussion on
the evolution of entropy automatically separates the contri-
butions of the gravitational evolution of the cluster (which
results in adiabatic compression of the ICM) and the specifi-
cally gas-phase phenomena, such as shock heating and radia-
tive cooling, which alter the adiabat on which the gas lies.
The model thus parameterises the evolution of clusters in
such a way as to provide a continuum spanning between the
self-similar model and the constant entropy model of EH. It
naturally generalises to include the case where the entropy of
the central gas declines during the lifetime of the cluster, as
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is the case if the radiative cooling of the ICM dominates over
the shock heating that occurs during cluster-cluster mergers.
The structure of the paper is as follows. Section 2 devel-
ops the entropy-driven model, firstly by introducing the con-
cept of cluster-core entropy and then by parameterising its
evolution through the parameter ǫ. The physical processes
affecting the core entropy are discussed in Section 2.2, and
revised scaling relations are discussed in Sections 2.3 and 2.4.
Finally, in Section 2.5, I describe a limitation to the viabil-
ity of the evolutionary model. Section 3 discusses the role
of radiative cooling in the evolution of the ICM, including a
comparison with the cooling-flow driven model of Waxman
& Miralda-Escude (1995) in Section 3.2. In Section 4, I con-
sider the practical problem of using realistic observational
data to constrain the allowed range of evolutionary models.
Although the currently available data for distant clusters are
relatively poor, significant restrictions are already imposed.
Furthermore, it is clear that the definition of a unique model
will be feasible in the near future. A summary of the con-
clusions of this paper is presented in Section 5.
Throughout this paper, I assume that the growth and
collapse of cluster-scale density perturbations occurs in a
critical density universe. In such a universe, the gravitational
growth of clusters is described by the effective slope of the
density fluctuation power spectrum (n), and it is sufficient
to introduce a single parameter (ǫ) to describe the evolu-
tion of the minimum entropy of the intra-cluster medium.
This restriction ensures that the scaling relations on which
I draw can be robustly justified, and ensures that the model
parameter-space is suitably limited. However, by suitable re-
formulation of the growth of cluster properties, it is possible
to generalise these results to the evolution of clusters in an
open or vacuum-energy dominated universe. This work will
be presented in a subsequent paper.
2 A FAMILY OF ENTROPY-DRIVEN
EVOLUTIONARY MODELS
2.1 Why introduce Entropy?
As described by EH, the gas core radius, rc, the cluster
virial radius, rv, the central gas density, ρc, and the mean
background density, ρb, are related through
(
rc
rv
)3
∼
(
ρc
ρb
)
−1/β
(1)
where β is the standard density profile parameter: ρ(r) =
ρc
(
1 + (r/rc)
2
)
−3β/2
. This expression assumes that the gas
density at the virial radius is a constant multiple of the back-
ground density, and that the gas density profile traces the
total mass density profile in the outer parts of the cluster
but flattens out within r < rc to form a core. This core
is assumed to be present only in the gas distribution: the
mass is assumed to maintain its r−3β slope to much smaller
radii. Clearly, an equivalent of Equation 1 could also be de-
rived for other density profile parameterisations such as that
proposed by Navarro, Frenk & White (1995, NFW). Since
this profile is no longer a simple power-law, it would greatly
complicate the form of the equations that follow. However,
in order to model the evolution of clusters over a limited
range of redshift, it is adequate to approximate the density
profile by its local gradient (ie., β ≈ − 1
3
d lnρ
d ln r
).
In order to elucidate the physical significance of the
gas core, it is necessary to introduce the concept of specific
entropy. This is defined as
s = cv ln
(
T
ργ−1
)
(2)
where T is the gas temperature, cv is the specific heat capac-
ity of the gas at constant volume and γ is the ratio of specific
heats at constant pressure and constant volume. Since the
temperature profile of the gas remains approximately flat
outside the cluster core, s must fall towards the cluster cen-
tre. Note that even though recent ASCA results have shown
that the temperature profile is not exactly constant (eg.,
Markevitch et al., 1996, Markevitch, 1996), this statement
remains true because of the very strong radial dependence
of the gas density. For example, the gas density falls by a
factor ∼ 50 over the range of Markevitch et al.’s tempera-
ture measurements: if the gas were to have no radial entropy
gradient, this would imply a factor of 14 change in temper-
ature over this range. The observed factor is 3. The core in
the gas distribution corresponds to a minimum in the gas
entropy:
ρc ≈
(
Te−smin/cv
)1/(γ−1)
. (3)
In what follows, I will take the view that the core in the
density distribution is caused by the existence of a minimum
entropy of the ICM (an alternative interpretation is briefly
discussed in Section 3.2). Writing Equation 3 in terms of en-
tropy and temperature therefore separates the effects of adi-
abatic compression (increases T , but leaves smin unchanged),
and shock heating and/or radiative cooling (increases [or
reduces] smin with little effect on T ). The last part of this
statement follows from the assertion that the global cluster
temperature is proportional to the cluster virial temperature
and the assumption that the cluster is roughly isothermal
outside the cluster core.
A more detailed understanding of the balance between
gas entropy and temperature (or pressure) is clearly desir-
able. However, although spherically symmetric infall mod-
els (eg., Bertschinger, 1985) can give some insight into the
build-up of gas in the cluster potential, they are inherently
unrealistic since the growth of clusters is intrinsically hierar-
chical. Reliable progress can only be made through high res-
olution hydrodynamic simulations, such as those presented
by NFW; but these must be analysed with caution to en-
sure that the finite resolution is fully taken into account. By
focusing attention on the entropy of the gas only in the core
of the cluster, much of the complexity of this issue can be
side-stepped. In what follows, I treat the evolution of the
core gas entropy as a phenomenon that is to be determined
empirically.
So far, however, I have achieved little practical advance.
EH developed this model by assuming that smin was non-
evolving. Advances in the measurement of the X-ray evo-
lution of clusters now justify a more general set of models.
This paper expands EH’s work by parameterising the evolu-
tion of the central gas entropy as a power of the expansion
factor:
smin = smin(z = 0) + cvǫ ln(1 + z). (4)
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Each value of the parameter ǫ generates a new model for the
evolution of the X-ray properties of galaxy clusters which
can be interpreted in terms of the physical processes re-
sponsible for the heating and cooling of the intra-cluster
gas. With this parameterisation of the core gas entropy, the
evolution of the relative density of gas in the core can be
written
ρc
ρb
∝ T
1
γ−1 (1 + z)−3−
ǫ
γ−1 . (5)
Equivalent expressions can be derived for other density pro-
file slopes. The main effect of altering the beta parameter
is to change the redshift dependence implied by a given ǫ.
Since, as I will argue in Section 4, the value of epsilon must
be determined from the data itself, a consistent description
of the cluster evolution will be obtained even if the true value
of β differs slightly from the value assumed. In the discussion
that follows, I fix β at its fiducial value of 2/3. This provides
a coherent treatment within which cluster evolution can be
discussed.
2.2 The Physical Significance of the ǫ Parameter
There are three important regimes for the entropy evolu-
tion parameter. This section briefly outlines their physical
interpretation.
The case ǫ < 0 corresponds to an intra-cluster medium
that is being continually heated in each generation of cluster
collapse. This may arise purely due to the action of shock
waves during the cluster relaxation process, but the injec-
tion of heat by the galaxies themselves (for example, in the
form of supernova blast waves) may also contribute. It is
extremely difficult to estimate the heating rate ab initio,
even if shock heating is considered alone. The simulations of
NFW suggest that most of the energy in the shock front is
deposited in the outer-parts of the cluster; the shocks reach-
ing the central part becoming weak. This suggests that we
should expect values of ǫ close to zero. It is, however, possi-
ble that more negative values might be found in real clusters
due to the cumulative effect of large numbers of weak shocks
that are not well-resolved in the simulations.
One particular negative value of ǫ corresponds to the
case in which the evolution of the cluster’s ICM parallels
the evolution of its dark matter potential. This is the famil-
iar self-similar evolution model introduced by Kaiser (1986).
The value of entropy evolution parameter required to pro-
duce self-similarity (ie., ρc
ρb
constant) depends on the spec-
trum of density fluctuations and the ratio of specific-heats.
Assuming γ = 5/3, as appropriate for a monatomic gas,
ǫSS = −
(
n+ 7
n+ 3
)
(6)
where n is the effective spectral index of density fluctuations
on cluster scales (ie., δρb/ρb ∝ r
−(n+3)/2). For flatter power
spectra, each successive scale collapses in rapid succession
and the heating of the ICM must become stronger if self-
similarity is to be maintained. For example, n = −1 requires
ǫSS = −3; n = −2 requires ǫSS = −5.
As I have already described, the constant entropy model
of EH corresponds to ǫ = 0. This model is appropriate if the
shocks that are generated during the growth of clusters are
ineffective at heating the gas in the core of the cluster. In
this model, it is possible to interpret smin as a ‘primordial’
entropy that was established in the gas before it became
bound into clusters.
In the set of models with ǫ > 0, the gas in the core
of the cluster is able to radiate a significant fraction of its
internal energy over the Hubble time. This radiation gives
rise to the ‘cooling flows’ that are well established in nearby
clusters (eg., Fabian et al., 1991), and have recently been
detected also in distant systems (eg., Donahue & Stocke,
1995). The likely contribution of radiative cooling to ǫ is
discussed in Section 3.
2.3 The Connection with Cluster X-ray
Luminosity
EH show that the X-ray luminosity of a cluster is
LX ∝ T
αρ2cr
3
c (7)
where the appropriate value of the exponent α depends on
whether the luminosity is measured with a bolometric or
wide-band detector (α ∼ 1/2) or through a low-energy band-
pass (α ∼ 0) as would be appropriate for the ROSAT or
Einstein satellites. Using Equation 1, the X-ray luminosity
can be written in terms of the background density (ρb, which
is set by the cosmic epoch), the cluster’s total mass (M) and
virial temperature (both of which are properties of the dark-
matter component of the cluster), and the ratio of the cluster
core density to the background density (this is determined
by the entropy of the central gas):
LX ∝ ρbT
αM
(
ρc
ρb
)2−(1/β)
(8)
Combining this with the evolution of the gas core density de-
scribed by Equation 5, and relating the cluster temperature
to mass through M ∝ T 3/2(1 + z)−3/2 gives
LX ∝ (1 + z)
3/2−(3+ ǫ
γ−1
)(2− 1
β
)
Tα+3/2+(
1
γ−1
)(2− 1
β
)
(9)
The appearance of this relation is substantially improved by
setting γ = 5/3 and restricting attention to cluster profiles
with β = 2/3:
LX ∝ (1 + z)
−3ǫ/4T (9/4)+α (10)
2.4 Strong versus Weak Self-Similarity
So far, I have not needed to be careful about the exact mean-
ings of the terms used in (eg.) Equation 10. In principle, T ,
LX , M etc., apply to individual clusters, but it is by no
means clear that the constant of proportionality that links
them should be the same for all clusters. For instance, stud-
ies of the growth of hierarchical clusters (eg., Lacey & Cole,
1993) show that a great variety of trajectories may lead to
an individual cluster of given mass at the present epoch. To
give an explicit example, we should more correctly interpret
the redshift (z), appearing in Equation 10, as the epoch at
which the cluster last had a major merger event rather than
the epoch at which the cluster is observed (cf., Kitayama &
Suto, 1996).
The Weak Self-Similarity principle (eg., Kaiser, 1986)
asserts that, although there is considerable scatter between
the formation histories of individual clusters, relations of the
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form of Equation 10 can be used to relate the characteris-
tic properties of cluster populations at one cosmic epoch to
those at another. The reasoning behind this is that — so
long as the power spectrum of density fluctuations contains
no additional scale — the only physical scale that distin-
guishes the properties of clusters at one epoch from those
at another is the scale at which average density fluctuations
make the transition between linear and non-linear growth. In
order that Equation 10 then fits into this scheme, we must be
careful also to interpret Equation 4 as applying to the char-
acteristic central entropy of the cluster population (where
we may either consider the cluster population as a whole,
or limit ourselves to a well-defined relative sub-population
such as the most massive 10% of the population).
The form of Equation 10 has been chosen to separate
the evolution of the clusters’ X-ray luminosity that comes
from the increasing characteristic density of the universe,
and the component that comes from the changing charac-
teristic temperatures of clusters. Adopting a particular form
for the slope of the density fluctuation power spectrum, I ar-
rive at the scaling relation
∆ logLX
∆ log(1 + z)
=
(
α
(
n− 1
n+ 3
)
+
9− 3ǫ
4
−
9
n+ 3
)
. (11)
This illustrates the balance of terms tending to increase and
decrease the luminosity as a function of redshift. Flatter
power spectra (more negative n) and more positive entropy
evolution both tend to reduce the X-ray luminosities of dis-
tant clusters. This is balanced by an intrinsic increase in the
efficiency of X-ray emission due to the high average density
of the universe. Figure 1 illustrates this interplay between
the power spectrum and entropy evolution by applying the
scaling of Equation 11 to the low-redshift luminosity func-
tion of Edge et al., 1990. More precise definition of the lo-
cal luminosity function will shortly be available from the
ROSAT All-Sky Survey (eg., Ebeling et al., 1996); however,
because of the degeneracy seen in this figure, it is difficult
to interpret the evolution of the X-ray luminosity function
in terms of a single combination of n and ǫ. The two effects
become easier to discriminate, however, as a greater range
of X-ray luminosities is probed (cf., Castander et al., 1995).
Writing Equation 10 to separate the effects of redshift
and temperature tempts another approach. The form of the
relation appears to suggest that the slope of the present-day
LX–T correlation should be α + 9/4. As noted by Evrard
& Henry, this is encouragingly close to the observed LX–T
slope (LbolX ∝ T
3, eg., Edge & Stewart, 1991, David et al.,
1994). However, this prediction goes far beyond the weak
self-similarity principle that I have described above: it re-
quires that I apply the scalings not to the characteristic
properties of the clusters at a particular epoch, but to in-
terrelate the properties of clusters at the same epoch. This
is the so-called Strong Self-Similarity Principle. For the rea-
sons I have described above, in particular the different aver-
age formation histories of high and low-mass clusters, it has
little physical basis. To illustrate this point, the slope of the
LX–T appears to be in ‘agreement’ with the observations
even if ǫ = ǫSS (Equation 6). This contrasts with the stan-
dard self-similar model (eg., Kaiser, 1986) that ‘predicts’
LX ∝ T
(3/2)+α at a fixed epoch. The discrepancy is not
real, and has arisen because the Strong Self-Similarity Prin-
ciple requires that smin in Equation 4 applies to all clusters
Figure 1a, b. The evolution of the X-ray luminosity function.
The dashed line shows the present-day cumulative X-ray lumi-
nosity function of Edge et al., 1990. The evolution of the gravita-
tional potential is described by self-similar evolution with power
spectra of −1 (panel a) and −1.5 (panel b). The solid lines show
the z = 0.5 luminosity function predicted for self-similar evolu-
tion of the ICM (ǫ = ǫSS, Equation 6); milder heating of the
ICM, ǫ = −1, is shown by the dotted line; dot-dashed lines show
the luminosity evolution for constant core entropy, ǫ = 0; and
dot-dot-dashed lines illustrate a model in which gas cooling dom-
inates the entropy evolution, ǫ = +1. All three calculations use
α = 0.5 and β = 2/3.
regardless of their mass, rather than to the characteristic
entropy of the cluster population. This is an additional as-
sumption for which there is no prior physical justification.
Although Equation 9 cannot therefore be used to esti-
mate the slope of the present-day LX–T correlation robustly,
it does predict how the normalisation of the correlation will
evolve. Because the slope of the observed relation is close
to the temperature dependence of Equation 10, the evolu-
tion of this relation is dominated by ǫ (Figure 2). This breaks
the degeneracy between ǫ and n inherent in luminosity func-
tion measurements. Thus, by combining the measurement of
both the LX–T correlation and the luminosity function at
high redshift, the separate roles of the power-spectrum and
the core gas entropy can be distinguished without having to
measure the evolution of the temperature function directly.
The practical feasibility of this approach is discussed in Sec-
tion 4.
2.5 Limit on the Validity of the Model
The model that I have described implicitly assumes that the
core radius is set by the minimum entropy of the cluster gas
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Figure 2a, b. The predicted evolution of the X-ray luminos-
ity – temperature correlation. Panel a shows n = −1; panel
b, n = −1.5. The thick dashed line shows the position of the
present-day correlation from David et al., 1993 (as appropriate
for bolometric luminosities). The other line types illustrate the
effect of different choices of the ǫ parameter on the correlation
at z = 0.5. The evolution of the correlation is only weakly af-
fected by the choice of density fluctuation spectral index, n. This
most strongly affects the range of cluster temperatures that will
be observed. As in Figure 1, I have used α = 0.5 and β = 2/3.
remains well inside the cluster’s virial radius. This corre-
sponds to the standard picture of a cluster in which the gas
is confined by a virialised dark matter halo.
The scaling of the ratio of the core and virial radii is
given by
∆ log
(
rc
rv
)
∆ log(1 + z)
=
1
3β(γ − 1)
[
3(γ − 1) + ǫ−
(
n− 1
n+ 3
)]
(12)
Adopting a typical present-day ratio of 1/10 for rc/rv, and
setting β and γ to their standard values, the epoch at which
the gas is no longer trapped within the virial radius of a
typical halo is
log(1 + zmax) =
[
3
4
(
ǫ+
n+ 7
n+ 3
)]
−1
(13)
This limit becomes more problematic for larger values of
ǫ and flatter (more negative) power spectra. For example,
(n, ǫ) = (−1,+1) has zmax = 1.2 while (n, ǫ) = (−2,+1)
has zmax = 0.67. Even in these cases, however, the model
still provides a framework for understanding the evolution of
galaxy clusters over the range of redshifts that are currently
observable. Furthermore, when rc ∼ rv, the scaling relations
may continue to apply if the cluster’s gravitational potential
is sufficiently smooth and well-defined in the infall region.
3 THE ROLE OF RADIATIVE COOLING IN
CLUSTER EVOLUTION
3.1 Estimating the Evolution of Gas Entropy due
to Cooling
During cluster mergers, dissipation of the bulk motion of the
gas tends to raise the specific entropy of the ICM. Although
it is difficult to estimate the effectiveness of this process for
core gas, it is clear that we should expect ǫ < 0. The radia-
tive cooling of the intra-cluster gas, which occurs principally
at X-ray wavelengths, acts in the opposite sense. In this sec-
tion, I use the observed temperatures and densities of gas
in the cores of present-day clusters to estimate an effective
value for ǫcool, the radiative cooling contribution to the ǫ pa-
rameter. In the absence of alternative cooling mechanisms,
this estimate is an upper limit to the value of ǫ that will
actually occur.
The change in specific entropy with time due to radia-
tive cooling is given by
ds
dt
= −
KLne
TµHmH
(14)
where KL is the cooling coefficient (ie., the radiated power
per unit volume is KLnenH), ne is the electron number den-
sity, µH is the relative atomic mass of the plasma per hy-
drogen atom, mH is the atomic mass unit, and T is the gas
temperature in Kelvin. For a cosmic abundance plasma with
temperature ∼ 5× 107K, eqn. 14 can be written
ds
dt
=− 1.8× 10−10
[
ne
10−3 cm−3
] [
KL
2× 20−23 erg s−1 cm3
]
×
[
T
5× 107 K
]−1
erg s−1K−1g−1
(15)
For such a plasma, the specific heat capacity is
cv =
3
2
kB
µmH
= 2.07 × 108 ergK−1g−1 (16)
where µ is the mean molecular weight per free particle. Us-
ing the definition of ǫ given in Equation 4, and transforming
Equation 14 to a derivative with respect to 1 + z, the ef-
fective value of the dimensionless entropy parameter can be
expressed as:
ǫcool =0.53 (1 + z)
−3/2h−150
[
ne
10−3 cm−3
]
×
[
KL
2× 20−23 erg s−1 cm3
] [
T
5× 107 K
]−1 (17)
where the Hubble constant is parameterised by H0 =
50h50 km s
−1Mpc−1.
The redshift dependence of ǫcool can be estimated by
combining Equations 5 and 7. Adopting γ = 5/3, ǫcool varies
as (1+ z)−3(1+ǫ)/2T 1/2, so that even if the low redshift evo-
lution is dominated by cooling, it becomes less and less im-
portant as we look to higher redshifts.
By extracting from the literature values for T and ne
for gas in the centres of present-day clusters of galaxies, it
is possible to estimate the appropriate values of ǫ for spe-
cific systems. These will serve as a guide to the value of ǫ
that applies to the cluster population of as a whole. For the
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Coma cluster (Briel et al., 1991), I find ǫcool = 0.80; for the
extreme cluster A2163, ǫcool = 1.5 (Markevitch et al., 1996)
[both calculations assume h50 = 1]. As I have stressed, the
actual value of ǫ that describes the X-ray evolution of galaxy
clusters is likely to be less than ǫcool due to the heating of
core gas during cluster formation. However, the analysis of
this section shows that we can conservatively expect that
ǫ < 2 at the present-day, with the limit becoming even more
stringent at higher redshifts. This sets an important upper
limit of the strength of the decline in the X-ray luminosities
of clusters.
3.2 Comparison with the Cooling Flow-Driven
Model of Waxman & Miralda-Escude
Waxman & Miralda-Escude (1995, WM-E) present a model
for the evolution of spherical clusters in which the core in
the gas density profile is set by the surface (the ‘cooling ra-
dius’) at which the cooling time of the gas equals the age of
the universe at the epoch under consideration. The evolu-
tion of the gas core density with redshift is thus set by the
competition between the increasing cooling efficiency (due
to higher characteristic densities) and the falling age of the
universe. For a β = 2/3 cluster profile, they find
ρc
ρb
∝ T 1−α
′
(1 + z)−3/2 (18)
where α′ ≈ 1/2 parameterises the temperature dependence
of the bolometric X-ray luminosity (as opposed to the lu-
minosity measured by a band-pass detector). Comparison
with Equation 5 shows that the cooling flow model can be
formally incorporated into the entropy-driven model by set-
ting γ = 1 + 1/(1 − α′) ≈ 3 and ǫ = −3/2(1 − α′) ≈ −3.
The value of γ required does not, however, have a physical
interpretation: the temperature dependence of the density
ratio is considerably weaker than in the standard γ = 5/3
entropy-driven model.
The evolution of X-ray luminosity in WM-E’s model is
given by
LX ∝ T
2+α−(α′/2)(1 + z)3/4. (19)
Comparing this with Equation 10 shows that, compared to
an ǫ > −1 entropy driven model, the cooling flow model will
produce more rapid increase (with redshift) in X-ray lumi-
nosity at a given temperature. Although in both cases the
ratio of the gas core radius to the virial radius increases with
redshift, at a given temperature, the strength of this effect
is larger for the ǫ > −1 model. Thus in the latter class of
model, an ever smaller fraction of the ICM becomes suscepti-
ble to the cooling flow instability. Fortunately, observation of
the evolution of the LX–T correlation will provide a simple
test by which the two classes of model can be distinguished.
Only the entropy-driven model is able to account for a re-
lation that is non-evolving or in which the X-ray luminosity
at a given temperature falls with redshift.
Although WM-E’s cooling flow driven model cannot
naturally be expressed in terms of a particular value of ǫ,
the general nature of the models presented here guarantees
that the observational signature of such models can be re-
produced by an apparent combination of n and ǫ parame-
ters. I describe the parameters as ‘apparent’ since although
they reproduce the observations, they will not correspond
to true spectral index, or describe the true evolution of clus-
ter central entropy. Comparing equations 19 and 10 shows
that relation between the true and apparent spectral index
is given by
nap−1
nap+3
= 7
9
(
n−1
n+3
)
(for example, a true spectral
index of -1.0 would give an apparent index of -0.75) and
that all WM-E models will have ǫap = −1. In the following
section, I will examine how realistic data may be used to
constrain the true cluster evolution model in (n,ǫ) param-
eter space. It must, however, be clearly stated that a mea-
surement of ǫ ≈ −1 may be equally well interpreted within
the entropy-driven model described in this paper, or within
the cooling-flow driven model described by WM-E.
4 OBSERVATIONAL CONSTRAINTS ON THE
PARAMETERS N AND ǫ
Measurement of the evolution of the galaxy cluster tempera-
ture function would provide a clean test of the rate of cluster
mass growth and thus allow accurate determination of the
density fluctuation spectral index effective on cluster scales
(eg., Eke et al., 1996). An idealised measurement would be
made from a cluster survey in which selection was based
on temperature and was independent of cluster X-ray flux
or luminosity. In practice, such a survey would have to be
constructed from a flux limited cluster sample. One strategy
would be to discard enough clusters to create a volume lim-
ited subsample, to measure the temperatures of these clus-
ters and then to apply a second threshold so that the sam-
ple became complete in temperature. A clearly preferable
procedure would use two data-sets to define separately the
evolution of the X-ray luminosity function (XLF) and the
evolution of the X-ray luminosity – temperature (L–T) cor-
relation. Within the entropy-driven model, these two pieces
of data create near-orthogonal constraints on the parameters
n and ǫ thus allowing us to piece together the complete pic-
ture of cluster evolution. While the two data-sets must refer
to clusters of similar luminosities, there is no requirement
that the L–T correlation be determined from a statistically
complete sample.
Figure 3 illustrates the constraint that can be placed on
the values of n and ǫ for a range of hypothetical evolution-
ary measurements. Throughout this section, I have assumed
that the density profile can be adequately approximated by
setting β = 2/3. Solid lines illustrate the constraint from the
evolution of the XLF. The figure assumes that the cumula-
tive XLF can be approximated by a power-law of slope −1.2
over the relevant range of X-ray luminosities and sets α = 0,
as appropriate for a low energy band-pass detector such as
ROSAT. The lines are labeled by the logarithm of change in
the XLF amplitude (measured at a fixed X-ray luminosity)
between the present-day and z = 0.5. For example, the line
labeled 0 shows the constraint implied by a non-evolving
luminosity function; that labeled by −0.3 is the constraint
implied by a factor of 2 fall in XLF amplitude. Dashed lines
in the figure show the equivalent constraint implied by a
measurement of the evolution of the L–T correlation. The
labels give the logarithm of the change in the normalisation
(ie., temperature at a fixed X-ray luminosity) between the
present-day and z = 0.5. An L–T inverse slope of 0.30 is
assumed, and the luminosities are taken to be bolometric
(ie., α = 0.5).
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Figure 3. Constraints on the parameters n and ǫ inferred from the evolution of the X-ray luminosity function (solid lines) and the
evolution of the luminosity – temperature relation (dashed lines) as it might be measured at redshift 0.5. The lines are labeled by
the logarithm of the change in normalisation: further details are given in the text of Section 4. Dot-dashed lines indicate values of
the ǫ parameter corresponding to self-similar evolution (bottom line) and evolution dominated by radiative cooling (upper line); while
the dotted line shows parameter space occupied by the cooling-flow driven models of WM-E. The shaded area indicates the region of
parameter space in which the underlying assumptions of our model are no longer valid at redshift 0.5.
Any single evolutionary measurement (of either the
XLF or the L–T correlation) can be reproduced by a wide
range of (ǫ,n) parameter pairs. However, measurement of
the evolution of both observable relations removes this de-
generacy. For flat power spectra (ie., more negative n), the
lines of given XLF and L–T evolution are nearly orthogo-
nal. Thus in this region even low accuracy measurements can
place stringent constraints on n and ǫ. As n becomes more
positive, the rate of gravitational growth slows down and
the evolution of both the XLF and L-T relations is driven
by entropy evolution alone. In this region of the diagram,
the two measurements become more degenerate and greater
accuracy is required to determine n.
The figure also gives two dot-dashed lines illustrating
the limiting physical models. The lower line shows the curve
defined by self-similar models, ǫ = ǫSS. Unless gas is heated
more than the dark matter during cluster collapse, the evo-
lutionary model must lie above above this line. The upper
line shows the maximum evolution due to radiative cooling
(ǫ = 2) suggested by the analysis of Section 3. Unless some
other cooling mechanism can be invoked, or the value of β
is significantly different from 2/3, an acceptable model must
lie below this line. In addition, the shaded upper left-hand
corner illustrates the area of parameter space for which zmax
(as defined by Equation 13) is less than 0.5. The underlying
assumptions of the model are no longer valid in this region.
The shaded region would become larger if we were to trace
the evolution to still higher redshifts. Finally, I have added
a dotted line to the figure to show the area of (apparent)
parameter space occupied by the models of WM-E.
Although current data leave the evolution of the XLF
and the L-T correlation poorly defined, it is already interest-
ing to investigate the limits that are implied. The situation
is shown in Figure 4, where solid lines show the constraint
from luminosity function measurements. Dashed lines show
the constraints from the temperature function. The compar-
ison is made at a nominal luminosity of 1044 erg s−1. To de-
fine the lower limit to evolution of the XLF, I take the recent
reanalysis of the EMSS survey by Nichol et al., 1996. Using
deeper ROSAT images of a number of the EMSS clusters,
they conclude that a non-evolving XLF cannot yet be ex-
cluded. This forms the lower solid line. The upper line shows
a 40% fall in XLF amplitude as suggested by Castander et
al., 1995, from the analysis of serendipitous ROSAT fields.
Both measurements are taken to have a median redshift of
0.35 and have been normalised using the low redshift lumi-
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Figure 4. Preliminary constraints on the cluster evolutionary model from current data for distant clusters. Solid lines show the present
limits of the X-ray luminosity function evolution at z¯ = 0.35 from Castander et al., 1995 (upper line), and Nichol et al., 1996 (lower line).
Dashed lines illustrate the formal 90% confidence limits derived from the z¯ = 0.21 luminosity–temperature correlation of preliminary
ASCA data (Tsuru et al., 1996). Acceptable models (indicated by the hashed region) must lie between these lines and below the
limit ǫ < 2. The evolutionary calculations assume α = 0.0 for the luminosity function data and α = 0.5 for the luminosity–temperature
correlation data. Dotted and dot-dashed lines are carried over from Figure 3; the shaded corner of the plot indicates the area of parameter
space in which the evolutionary model is invalid at z = 0.35.
nosity function of Henry et al. (1992). Data for the evolution
of the L–T relation are taken from Tsuru et al., 1996 (and
normalised using z < 0.1 data from David et al., 1993).
It should be noted that Tsuru et al.’s results are based on
preliminary reduction of data from the ASCA satellite and
should therefore be treated with caution. Furthermore, the
data have a median redshift of only 0.21, so the evolutionary
constraint that can be derived from their data has relatively
little leverage. The two curves show a change in logarithmic
normalisation of between −0.028 and +0.053 (ie., an uncer-
tainty of ±10% in the distant cluster L–T correlation am-
plitude), corresponding to the 90% formal confidence limits
of Tsuru et al.’s data.
A cursory inspection of the figure is disappointing: the
density fluctuation index n can have any value grater than
−1.7. Yet even these data make a number of points clear.
Firstly the data are inconsistent with any very flat spectral
index. While values of n around −2 are able to reproduce
the observed XLF evolution, they produce too much evolu-
tion in the L–T relation to be acceptable. It is clear that
none of the self-similar models can account for the observed
evolution; but the data suggest that the combined XLF and
L–T data permit only models in which gas cooling dominates
over heating. Furthermore, although these preliminary data
provide only a weak constraint on the spectral index, the fig-
ure shows that even a modest improvement in the accuracy
of the distant cluster L–T relation, or the median redshift
at which it can be determined, will considerably refine the
determination of n.
5 CONCLUSIONS
The basic aim of this paper has been to produce a general
framework describing the evolution of the X-ray properties
of galaxy clusters. In contrast to previous work, the model
I have presented explicitly differentiates between the con-
tribution from the evolution of the gravitational potential,
and the component due to the evolution of the entropy of the
cluster core gas. This division of the evolution into two com-
ponents ensures that each realisation of the model then has
a physical interpretation: the evolution of the gravitational
component is derived from the density fluctuation power
spectrum and the background cosmological model, while the
evolution of the core entropy is determined by the balance
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between the radiative cooling of the intra-cluster medium
and its shock heating during cluster-cluster mergers.
In this paper, I have limited attention to the evolution
of clusters in a critical density universe dominated by colli-
sionless dark matter and have assumed that the density fluc-
tuation power spectrum can be represented by an effective
spectral index n. These two assumptions allow the evolution
of the cluster gravitational potential to be described using
the self-similar scaling relations of Kaiser (1986). In contrast,
the evolution of the gas distribution is determined by the as-
sumption that the gas has a roughly isothermal distribution
with temperature proportional to the cluster virial temper-
ature, and with its core radius set by a minimum entropy
constraint. The evolution of cluster X-ray properties is then
determined, on the one hand, by the evolution of the cluster
virial temperature, and on the other, by the evolution of the
central entropy. The entropy evolution is specified by the
parameter ǫ (Eqn. 4), which I have regarded as a quantity
to be fixed by observation.
The parameters n and ǫ generate a two-dimensional
continuum of scaling relations that allow the characteris-
tic properties of clusters at one epoch to be transformed to
another. Because the effects of changes in these parameters
are close to orthogonal, they allow a very general set of evo-
lutionary scenarios to be generated. Furthermore, each point
in the n–ǫ plane has a unique physical interpretation. Some
regions of the parameter space can be singled out as hav-
ing particular interest. One such region is the line of models
in which the heating of the ICM during the gravitational
growth of the cluster maintains a constant ratio between
the cluster core and virial radii. This subset of parameters
recovers the original self-similar scaling relations proposed
by Kaiser (1986). Another notable dividing line is the upper
limit on the entropy evolution parameter that can be set
from the observed X-ray surface brightnesses of present-day
cluster cores. If gas cooling occurs radiatively, ǫ cannot be
larger than 2.
The model described here can, however, only be used to
derive scaling relations (ie., to use the properties of clusters
observed at the present-day to predict the properties of the
cluster population at an earlier time). For this reason, I have
been careful to avoid discussion of the way in which the
central ICM entropy may vary between clusters of differing
masses at a single epoch. This question cannot be addressed
without introducing further parameters into the model.
In the final section of the paper, I have illustrated how
the observed evolution of cluster properties may be used to
discriminate between different models. Although knowledge
of the evolution of the X-ray luminosity function alone does
not provide enough information to determine n or ǫ uniquely,
accurate differentiation is possible if the luminosity function
is combined with data on the evolution of the luminosity
– temperature correlation. For flatter power spectra, (ie.,
more negative n) the XLF and L–T constraints impose near
orthogonal limits in the n–ǫ parameter space. Thus even
quite poor measurements result in significant constraints on
the physical model (ie., the rate of gravitational growth and
rate of gas heating/cooling) underlying cluster evolution. As
a result, definition of this model is easily within the scope
of current and near-term X-ray missions.
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